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By using the Schwinger-Keldysh approach, we evaluate the current noise and the 
charge noise of the single-electron transistor (SET) in the regime of large charge 
fluctuations caused by large tunneling conductance. Our result interpolates be- 
tween previous theories; the "orthodox" theory and the "co-tunneling theory" . 
We find that the life-time broadening effect suppresses the Fano factor below the 
value estimated by the previous theories. We also show that the large tunnel 
conductance does not reduce the energy sensitivity so much. Our results demon- 
strate quantitatively that SET electrometer can be used as the high-sensitivity and 
high-speed device for quantum measurements. 

1 Introduction 

A single electron transistor (SET) electrometer is an important device for the 

m 

single shot measurement of a charge qubit ^ realized in the ultrasmall Joseph- 
son junction systems . For present day experiment, the dominant mechanism of 
the decoherence of the charge qubit is the 1// back ground charge noise 1 *', which 
is expected to be reduced in the high-frequency regime with technical improve- 
ments. When the l//-noise is suppressed, the back-action of the measurement, 
i.e. the intrinsic charge fluctuation of SET electrometer, becomes important. Es- 
pecially for a high-speed SET, whose tunneling conductance is relatively large, the 
charge fluctuation related to the higher-order tunneling process is expected to be 
important. So far, the noise has been investigated by usi ng t he master equation 
with Markovian approximation, namely "orthodox" theory casa Beyond the ortho- 
dox theory, the quantum fluctuation effect has been investigated in the Coulomb 
blockade (CB) regime within the second order perturbation theory, "co-tunneling 
theory'™^. Though the semi-quantitative estimation at the threshold has been 
performed^ a decade ago, there is no quantitative estimation which covers both the 
sequential tunneling (ST) regime and CB regime. 

Besides the practical application, the noise in the regime of large quantum 
fluctuations of charge itself is interesting from the point of view of the strongly 
correlated system out of equilibrium. There have been much development on this 
topic. The reno rmalization of the conductance and charging energy was predicted 
theoretically^^ and confirmed experimentally^^. The life-time broadening effect 
at finite bias voltage was also predicted*! However how the noise is modified by the 
renormalization effect or the life-time broadening effect ™ has not been clarified. 

In this paper, we derive noise expressions which cover both ST regime and CB 
regime. We adopt the modern style of the Keldysh formalism, Schwinger-Keldysh 
approacfP^2El which enables one to calculate any order moment by functional 
derivative of the generating functional. We also calculate the energy sensitivity 
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quantitatively by using our expressions. 



2 Model and Calculations 

Figure [Ja) shows an equivalent circuit of a SET. A normal metal island ex- 
changes electrons with a left (right) lead via a small tunnel junction characterized 
by a tunnel matrix element ?l(r) an d a capacitor CWr) . The island is also coupled 
to a gate via a capacitor Cq- In the following discussion, we limit ourselves to the 
symmetric case, Cl = Cr and Tl = Tr. We use the two-state model to describe the 
strong Coulomb interaction. We begin with the effective action of SET in the drone 




(b) 
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Figure 1. (a) The equivalent circuit of a SET transistor, (b) The closed time-path going from 
—oo to oo (C+), going back to -co (C— ), connecting the imaginary time path CV and closing at 
t = — oo — i7i/3. 



fermion representation I I In the limit of large number of transverse channels, 
the effective action for c and d-field is given by 

S = [ dt{c(t)*(ihd t -h(t))c(t)+md(t)*d t d(t)}+ [ dld2{o+(l)a(l,2)<7_(2)}, 
Jc Jc 

(1) 

where C is the closed time-path (Fig. E^b)). The variable er± related to the spin- 
1/2 operator is written by two Grassmann variables c and d as cr+ = c*<fi, where 
(f) = d* + d. Here a — X) r =LR ar an ^ a r(l,2) is a particle-hole Green function 
(GF) which is proportional to the phase factor e'^i^i^-vi^)) j w here ip is the phase 
difference between the left and the right lead, kl = — kr = 1/2 characterizes 
the voltage drop between the lead and the island. The auxiliary source fields, 
i.e. the phase difference ip and the scalar potential for c-field h are introduced 
to calculate the average current, the average charge and noise by the functional 
derivative technique. It is noticed that the degree of freedom of <p (h) is duplicated, 
i.e., we can define ^+ (h + ) and ip- (h-) on the forward C+ and the backward 
branch C_ , respectively. The practical form of the particle- hole GF in the physical 
representatioiir^ is written as 

" r = iaf S) ' a * {£) = -' ma " p ^ a ^( £ ) = 2 «f(e)coth (^j , (2) 
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in the energy space. Here p(e) — e with Lorentzian cut-off at the charging energy 
Ec and 8e r = e — K r eV. The dimensionless junction conductance a® is defined 
with the resistance of junction r i? r as j^pTT' a * s zer0 on ^ T because the tun- 
neling Hamiltonian is adiabatically switched on at remote past and off at distant 
future. The generating functional for the connected Green function W defined as 
— i?iln J D [c*,c,d*,d] exp (iS/H), is calculated by performing the perturbation se- 
ries expansion in powers of «o- We propose the approximate generating functional 
including the effect of infinite order tunneling process H21 

W = -MIr[\nGz\ G-\t,t') = g~\tj) - £ E r (t,f), (3) 

r=L,R 

where the trace is performed over C. Here 5 c T 1 (t,t') = (ihdt — h(i)) 8(t,t') 
and the self-energy is given by £ r (i,i') = —ihg^(t',t)a T (t,t') where g~^ l (t,t) = 
\hdt8(t,t')/2. Here, (5-function is defined on C and g c and g^ satisfy the anti- 
periodic boundary conditions: g c (t, — oo G C+) = —g c (t, —ih/3 — oo), etc. 

Once an approximate generating functional is obtained, one can calculate any 
order moment by the functional derivative in terms of auxiliary source fields. 
The averages are calculated as I(t) — (e/h)8W/8ipA(t)\ v& h&=0 and Q(t)/e = 
1/2 — 5W/8hA.(t)\ h & =o wn ere the relative coordinates, ipA = f + — ( fi- etc., are 
set to zero because they are fictitious variables. The center-of-mass coordinates, 
ip c = (ip + + <fi-)/2 etc., are set as <p c (t) — eVt/h and h c (t) — A , where A is 
the excitation energy, which is proportional to Ec- In our previous papers^!, we 
showed that the resulting expressions are formally equivalent to those of the reso- 
nant tunneling approximation (RTA)*l The noise is defined by the auto-correlation 
function of fluctuation operators: Su(t,t') — ({8 1 (t), 81(f)}) (81 = I — (I)), etc. 
In the path integral representation, the noise is calculated by the second derivative 
of the generating functional as 



ih 8(pA(t)8(fiA(t') 



-2ie 2 h8 2 W 

PA ,, A =o' QQ( ' j " 5h A (t)Sh A (t>) 



■ (4) 



In the following discussions, we limit ourselves to the discussions on the zero fre- 
quency noise, Sn = j dt'Sn(t, t'), etc. Sn — J2 r r ,_ L R K x K r >Si T i T >, is calculated as 



S IlIt , = (e 2 /h)ReJdeTr 



where 



t 1 is the Pauli matrix and we omit the argument e. GFs denoted with tilde are 
those in the physical representation. By paying attention to such conditions as 
/ dsGf^Y,^^ = 0, we obtain the expression for Su(Rk/2) written with the 
Fermi function / _ and / + = 1 — / — as 

de[T F (e){r(8e L )f+(8e R ) + f + (8e L )f-(8e R )}^T F (e) 2 {r(Se L )-r(8e R )} 2 }, 

(5) 

where the effective transmission probability T F = — (a^a^/a K )2ilmG^ in- 
cludes the inelastic scattering process. Here G^(e) — l/(e — A — T,f(s)), and 
£f (e) = c^(e){2Re (i - ^ (l + f^) - V (#|)} + of (e)/2 9 . Equation 
(J5J has the same form as the noise expression of a point contact without Coulomb 
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interactioJl^l This result is anticipated, because the tunneling current is expressed 
as the Landauer formula with the effective transmission probability^!. However to 
our knowledge, there is no literature which derived it microscopically. The charge 
noise is expressed with off-diagonal components of the particle-hole GF in the single 
time representationP* a ±=F as 



^Tr 
Ah 



G C G C 



,4, 



2vr 2 



ds\G*{e)\ a-+(e)a+-{e). (6) 



Here we note that our approximation satisfies the minimum required properties. 
It is known that the gauge invariance of the generating functional leads to the charge 
conservation^*^. In our system, the invariance of Eq. @ under the transformation 
(p r ip r + Sip, h — > h — hd(dtip), where Sip is defined on C, leads to the relation, 
dtdf SQQ(t,t') — X)r r'=L r ^ir It' (t , t') . Moreover, one can easily check that Eq. 
(0 satisfies the fluctuation-dissipation theorem at V = 0. 



3 Results and Discussions 




A /eV A /eV 

Figure 2. (a) The excitation energy dependence of the current noise at OK and eV/Ec = 0.4 
normalized by /_ = GoV/2, where Go is the series junction conductance. The solid and dot- 
dashed lines show our results Eq. JSJ for ag = 0.05 and 10~ 5 , respectively. The dotted and 
dashed lines are results of the co-tunneling theory, (b) The excitation energy dependence of the 
Fano factor for ag = 0.1 (solid line), 0.05 (dashed line) and 10 — 5 (dotted line). 



Figure (a) shows the excitation energy dependence of the normalized zero- 
frequency current noise at finite bias voltage and zero temperature. When ao is 
small, our result (the dot-dashed line) reproduce the orthodox theory. Moreover, 
our results are consistent with the co-tunneling theory (dotted and dashed lines) in 
the regime |Ao/eV^| ^> 0.5. As ao becomes large (the solid line), the higher order 
tunneling process enhances the current noise around the threshold bias voltage 
|Ao/eV| = 0.5. However, around A = 0, the current noise is suppressed due to the 
life-time broadening^. The life-time broadening effect is related to the dissipation 
process which is the leak of an electron from the island while another electron 
tunnels into the island. 
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Figure (b) shows the excitation energy dependence of the Fano factor for 
various ctQ. The Fano factor is the measure how the noise deviates from the Pois- 
sonian behavior. It is known that in ST regime |Ao/eV| < 0.5 the Fano factor is 
suppressed by the Coulomb interaction and that in CB regime |Ao/eV| > 0.5 the 
Fano factor reaches 1 which means that co-tunneling events behave like Poissonian 
process. Our result reproduces this behavior when ao is small (the dotted line). 
As ao increases, the Fano factor is suppressed over ST regime and in CB regime 
near the threshold bias voltage (the dashed line and the solid line). In CB regime, 
the suppression is mainly caused by the enhancement of the tunneling probability 
due to the higher order tunneling process. On the other hand, around Ao = 0, the 
Fano factor suppression is caused by the dissipation, i.e. the dissipation regulates 
tunneling events. 

Above discussions, we consider the condition eV 3> Tk, where Xk is the Kondo 
temperature^. In this regime the renormalization effect is negligible. In the opposite 
regime, the charge noise is suppressed due to the renormalization of charge. 




0.25 0.5 0.75 1 -1 -0.5 0.5 1 

Ao/eV A /eV 

Figure 3. (a) The excitation energy dependence of the energy sensitivity for ao = 10~ 3 , 10~ 2 
and 0.1 at OK and eV/Ec = 0.4. Dashed lines shows results of the orthodox theory. The dotted 
line shows the result of the co-tunneling theory, (b) The slope of the average current. The solid, 
the dot-dashed and the dotted line show the results for, qq = 01, 10 — 2 and 10~ 3 , respectively. 



Next we discuss on the performance of SET electrometer. The energy sensitivity 
is defined by the product of the charge noise and the charge sensitivity as e = 
(h/2)y/ SqqS j i /\dl /<9Ao|, which is not allowed to be smaller than Ti/2. Figure^ 
(a) shows the excitation energy dependence of the energy sensitivity at K and 
eV/Ec = 0.4 for a — 10 -3 , 10~ 2 and 0.1 (solid lines). Three dashed lines show 
results of the orthodox theorjEl with corresponding parameters. The dotted line 
shows the result of the co-tunneling theory^ which is independent of ao- At the 
threshold, the orthodox theory and the co-tunneling theory predict e = and 
e — > oo, respectively. Our results interpolate between two theories with satisfying 
e > h/2. This fact is considered as an evidence to justify our approximation. For 
the typical value of Ec = 0.1 meV (C ~ 800 af), the time constants of SET 
(RtC)- 1 = AnaoEc/h for a = 10~ 3 , 10~ 2 and 0.1 are 1.91, 19.1 and 191 GHz, 
respectively. As seen in Fig. 01(a), the energy sensitivity is at worst ~ fi at the 
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threshold which is the usual optimum working point. Thus our result demonstrate 
quantitatively that the SET electrometer can be operated in the hig h-fre quency 
regime without reduction of the sensitivity as performed in an experimental Figure 
13 (b) shows the slope of the excitation energy dependence of the average current for 
a = 10 -3 (dotted line), 10~ 2 (dot-dashed line) and 0.1 (solid line). As ao becomes 
large, the structure is smeared. Our results show that the large ao does not reduce 
the energy sensitivity so much, however it makes difficult to obtain the sharp onset 
of the current. 

4 Summary 

In conclusion, we have evaluated the noise and the energy sensitivity in the 
regime of large quantum fluctuations out of equilibrium. We have reformulated 
and extended RTA in a charge conserving way. Our approximation is justified 
by the fact that the current noise satisfies the fluctuation-dissipation theorem and 
that the energy sensitivity does not exceed the quantum limit. Our approximation 
consistent with the orthodox theory in the limit ao — > 0, and the co-tunneling theory 
in CB regime. We found that the dissipation, i.e. the life-time broadening effect, 
regulates tunneling events and suppresses the Fano factor. We have also shown 
that large ao does not reduce the energy sensitivity so much at the threshold bias 
voltage. Our results demonstrate quantitatively that SET electrometer can be used 
as the high-sensitivity and high-speed device for quantum measurements. 
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